In this paper, we give a new formulation of invariant theory for elliptic Weyl group using the group O(2, n). As an elliptic Weyl group quotient, we define a suitable C * -bundle. We show that it has a conformal Frobenius structure which we define in this paper. Then its good section could be identified with a Frobenius manifold which we constructed in [13] .
Introduction
Motivated by a period mapping for a primitive form [9] for an unfolding of a function with a simple elliptic singularity, an elliptic root system is introduced [10] . On the quotient spaceẼ a //W of the domainẼ a by an elliptic Weyl group W , a flat holomorphic metric is constructed by [11] and Frobenius manifold structure is constructed by [13] .
Here the domainẼ a is not canonical, that is, it depends on the choice of a marking a. Then we set the following problems.
Problem 1: What is a relation between the elliptic Weyl group quotient spacesẼ a //W andẼ a ′ //W 2 for different markings a and a ′ ? Problem 2: What is a relation between the Frobenius manifold structure on them?
By definition, an elliptic root system is a root system belonging to a vector space with an inner produce with a signature (0, 2, l) where we denote by (l + , l 0 , l − ) numbers of positive, 0 and negative eigenvalues respectively (we choose a negative semi-definite inner product). A domainẼ a corresponds to a hyperbolic extension with a signature (1, 1, l + 1).
In this paper, we consider 2-extension with a signature (2, 0, l + 2) and construct a C * -bundle p :
where D 2 is a quadric hypersurface of a suitable domain D and P(D 2 ) = D 2 /C * . They corresponds to the group O(2, 0, l + 2). Then we find thatẼ a could be canonically identified with a section of p.
This formulation is good from the viewpoint of the group action of the automorphism of an elliptic root system. We find that a central extension group of the group of the automorphisms of an elliptic root system is naturally defined in our formulation and this group acts on the C * -bundle p equivariantly. The fact that this action changes a section of p, corresponds to the fact that this group is not contained in O(1, 1, l + 1).
We see a Frobenius manifold structure. The elliptic Weyl group is constructed as a subgroup of O(2, 0, n) and denote it by W 2 , which is isomorphic to W . Then the Weyl group quotient:
is again a C * -bundle and the spaceẼ a //W gives a section of it. SinceẼ a //W is a Frobenius manifold, the base space P(D 2 )//W 2 is also a Frobenius manifold. But if we choose another marking a ′ and a corresponding another sectioñ E a ′ //W , then P(D 2 )//W 2 has a structure of another Frobenius manifold. In fact, except holomorphic metrics, these two Frobenius manifold structures are same. For holomorphic metrics, they are conformally equivalent.
Thus we introduce a notion of conformal Frobenius structure and we prove that p : D 2 //W 2 → P(D 2 )//W 2 has essentially unique conformal Frobenius structure. For any marking a, a Frobenius manifold structure ofẼ a //W is obtained from this conformal Frobenius manifold structure. This clarifies the relation of the Frobenius manifold structures ofẼ a //W andẼ a ′ //W 2 . Also we see that the conformal Frobenius structure has an action of a (central extension of) automorphism group of the elliptic root system. This clarifies the meaning of a conformal transformation in [12] (see Remark 5.4) . This paper is organaized as follows.
In Section 2, we define 2-extension for elliptic root system and define an elliptic Weyl group W 2 and a C * -bundle p :
. We introduce open subsets of a C * -bundle p :
2 ) whose complements are zero of roots.
Then we take an elliptic Weyl group quotient p : derived from an inner product of the elliptic root system.
In Section 3, we define elliptic Weyl group invariant rings. We define "algebraic Weyl group quotient spaces" p : D 2 //W 2 → P(D 2 )//W 2 by taking Specan of these elliptic Weyl group invariant rings. On the space D 2 //W 2 , we also define a tensor I * D 2 //W 2 . derived from an inner product of the elliptic root system. Our theorems are stated for "algebraic Weyl group quotient spaces". But for proofs, we utilize "analytic Weyl group quotient spaces".
In Section 4, we introduce a notion of conformal Frobenius structure and state that a C * -bundle p :
has essentially unique conformal Frobenius structure. We also show that a group of central extension of automorphism group of the elliptic root system acts on the conformal Frobenius structure.
In Section 5, We give proofs. We relate our formulation with a formulation of [11] and [13] in which the spaceẼ a is used. We obtain the existence of a conformal Frobenius structure by this comparison. For a uniqueness theorem, we use a conformal deformation of a holomorphic metric of a Frobenius manifold.
We use the following terminologies. For a complex manifold M , we denote by O M (resp. Ω 1 M , Θ M ) the sheaf of holomorphic functions (resp. holomorphic 1-forms, holomorphic vector fields). We denote by O(M ) (resp. Ω
Let F be a sheaf on the complex manifold N . For a morphism f : M → N of complex manifolds M and N , we denote by f * the following natural morphism
For a C * -bundle p : L → M and the isomorphism f of the C * -bundle:
2 Analytic Weyl group quotient space
Elliptic root system
In this subsection, we define an elliptic root system, its orientation and 2-extension.
Definition of elliptic root system
Let l be a positive integer. Let F be a real vector space of rank l + 2 with a negative semi-definite or positive semi-definite symmetric bilinear form I F : F × F → R, whose radical radI F := {x ∈ F | I F (x, y) = 0, ∀y ∈ F } is a vector space of rank 2. For a non-isotropic element α ∈ F (i.e. I F (α, α) = 0), we put α ∨ := 2α/I F (α, α) ∈ F . The reflection w α with respect to α is defined by 1. The additive group generated by R in F , denoted by Q(R), is a full sublattice of F . That is, the embedding Q(R) ⊂ F induces the isomorphism :
3. w α (R) = R for ∀α ∈ R.
If
R = R 1 ∪ R 2 , with R 1 ⊥ R 2 , then either R 1 or R 2 is void.
Definition of orientation
For an elliptic root system R belonging to (F, I F ), the additive group radI F ∩ Q(R) is isomorphic to Z 2 . 
Definition of a signed marking
Definition 2.3. Let R be an elliptic root system R belonging to (F, I F ). By a signed marking, we mean a non-zero element a of radI F ∩ Q(R) such that Q(R) ∩ Ra = Za and the quotient root system R/Ra (:= Image(R ֒→ F → F/Ra)) is reduced (i.e. α, cα ∈ R/Ra implies c ∈ {±1}). We denote the set of a signed marking by Λ Z .
Hereafter we assume that Λ Z = ∅.
2-extension
We define a 2-extension. Let F 2 be a real vector space of rank l + 4 and
2 contains F as a linear subspace, radI F 2 = {0} and I F 2 | F = I F . I F 2 is indefinite symmetric bilinear form with signature of (2, l + 2) or (l+2, 2) according to I is negative semi-definite or positive semi-definite. A 2-extension is unique up to isomorphism. Hereafter we fix a hyperbolic extension (F 2 , I F 2 ).
Orthogonal group and Weyl group

Definition of an Orthogonal group and a Weyl group
In this subsection, we define a parabolic subgroup of an orthogonal group and Weyl group.
C . We define the groups
3)
7)
The natural morphism
is surjective. We put
10) Proof. By definition, we obtain 1). We obtain 2) by direct calculation. Since
for g ∈ Aut(R), we obtain 3).
Description of a center
In this subsection, we construct the canonical group isomorphism ρ : C → K C by the aid of the Eichler-Siegel transformation ( [10, p93] ). We define the Eichler-Siegel transformation by
C has the semi-group structure by the product (
(2.14) Then ES is a semi-group isomorphism.
has the unique generator g 0 , where sgn(I F ) is ±1 according to I F is positive semi-definite or negative semi-definite.
3) The morphism ES and g 0 depend on the normalization of I F . But the morphism
Proof. We could interprete the morphism 2.4 C * -bundles
Preparations
We arbitrary fix an oriented basis a, b. We put (F
Definition of C * bundles
We put
19)
These are complex manifolds and do not depend on the choice of an oriented basis a, b, but depend only on the orientation.
We introduce group actions. Since the spaces (F 2 C ) * and (radI F ) * C are Cvector spaces, they have a natural C * -action. It induces C * -actions on D 2 and H half :
The group Aut(R) acts on (F 2 C ) * and (radI F ) * C by (2.17). We could easily check that this action induces the actions
We define C * -quotient spaces
These spaces are complex manifolds and they have Aut(R)-actions. The C * -bundles p :
We have a natural diagram:
2.5 A tensor on the domain D 
characterized by the property that on each p ∈ D, it gives
where
* is a canonical isomorphism. By this definition, we have
We define a tensor on D 2 . We define j *
Proposition 2.7. There exists uniquely an element
) such that its image by the morphism
Thereby we have a result.
By this proposition, we define its dual
By a uniqueness of I D 2 and equations (2.30), (2.31), we have
2.6 Definition of the analytic Weyl group quotient
Open subset of the domain
For the open subsets of D 2 and P(D 2 ), we define W 2 -quotient space and a tensor on it.
whose complement is a reflection hyperplanes. Then p :
is Aut(R)-equivariant and cartesian. Since j 2 :
). We put I * Proof. Since p :
is W 2 -equivariant, we should only prove this Proposition for P(
, which will be shown in Proposition 5.5.
Definition of an analytic Weyl group quotient
Since W 2 -action and C * -action are commutative, we have a C * -bundle p :
In the following diagram:
all morphisms are Aut(R)-equivariant and both squares are cartesian.
A tensor on an analytic Weyl group quotient space
We define a tensor on
is W 2 -invariant by (2.34) and
By a uniqueness of I * 
3 Algebraic Weyl group quotient spaces 3.1 Definition of Weyl group invariant rings
Definition of Weyl group invariants
In this subsection, we define the Weyl group invariant ring for the oriented elliptic root system with Λ Z = ∅. By the diagram (2.27), we have the morphism:
for an open set U ⊂ P(H half ). Here ρ : C → K C is defined in Proposition 2.5.
Definition of Weyl group invariant rings
We define the O P(H half ) -graded algebras by
Automorphism group action on the Weyl group invariant rings
In this subsection, we define an Aut(R)-action and a C * -action on the ringed
for a local section f of O D 2 . Taking a direct image by π, we have
A pair ϕ(g) : P(H half ) → P(H half ) and the morphism (3.5) gives a morphism of a ringed space:
These give an Aut(R)-action of a ringed space (P(H half ), π * O D 2 ). Since we could restrict the morphism (3.5) to the subsheaves S 
,0 ) and we denote the action also by ϕ.
In a same manner we could also define C * -actions on these ringed spaces and we denote the action also by ψ.
By a parallel construction, we could also define Aut(R)-actions and C * -actions on the ringed spaces
Structure of Weyl group invariant rings
In this subsection, we study the structure of the invariant ring. [2] , [4] , [7] , [8] , [14] )
We remark that j of s j is a suffix.
As we see in §5.6, we reduce its proof to the works [1] , [2] , [4] , [7] , [8] , [14] .
Corollary 3.2.
We have a natural inclusion morphism
. Then we have isomoprhisms:
3. We have a canonical isomoprhism:
Proof. For 1, we first see that an element of (radI F ) C is regarded as a holomorphic function on H half . By the morphism
. We could easily check that it gives 1. Since a ∈ Γ(P(H half ), S W D 2 ,−1,0 ) is a nowhere vanishing holomorphic function, we have a 
Relation between Weyl group invariant rings
We consider the spaces D 2 , H half , 
By the morphisms
• D 2 → • D 2 /W 2 → P( • D 2 )/W 2 ,(a) S W D 2 ,0, * ⊂ π * O P( • D 2 )/W 2 , (b) S W D 2 , * , * ⊂ π * O • D 2 /W 2 .
By the above inclusion morphisms, we have morphism of ringed spaces:
(P(H half ), O P(H half ) ) = (P(H half ), S W D 2 ,0,0 ), (3.13) (P(H half ), π * O H half ) → (P(H half ), S W D 2 , * ,0 ), (3.14) (P(H half ), π * O P( • D 2 )/W 2 ) → (P(H half ), S W D 2 ,0, * ), (3.15) (P(H half ), π * O • D 2 /W 2 ) → (P(H half ), S W D 2 , * , * ).
Definition of Specan
We remind the notion of Specan and see some properties. Let C be a category of O P(H half ) -algebra which is of finite presentation, For an object A of the category C, the analytic space Specan A could be defined by [6] . It is characterized by a natural isomorphism:
for an object f : X → P(H half ) of the category (An)/P(H half ), which is a category of an analytic space with the structure morphism to P(H half ).
Since there exists a canonical isomorphism:
(3.17)
We denote the structure morphism Specan A → P(H half ) by π. 
for g ∈ Aut(R). We remark that ϕ(g) :
Relation to the analytic Weyl group quotient space
Proposition 3.4.
We have the canonical isomorphism
H half ≃ Specan S W D 2 , * ,0 . (3.21)
We have a following natural diagram:
.
(3.22)
All morphism are Aut(R)-equivariant and both squares are cartesian.
The composite morphisms of row arrows coincide with morphisms in diagram (2.39).
4. In the diagram, the morphisms j 4 : 
in Proposition 3.3(2)(b). By Proposition 5.6, j 4 :
is an open immersion and its image is open dense.
Thus j 4 :
is also an open immersion and its image is open dense. The 5th assertion is a direct consequence of 2.
A tensor on the algebraic quotient space
We assert an existence of a tensor on an algebraic quotient space D 2 //W 2 .
Proposition 3.5. There exists uniquely an element
We give a proof in §5. 8 . By a uniqueness of I * D 2 //W 2 and equations (2.40), (2.41), we have
4 Results
Frobenius
Definition of Frobenius manifold
We remind the definition of Frobenius manifold. 
4. e is a unit field and it is flat, i.e. ∇e = 0,
the Euler field E satisfies Lie
E (•) = 1 · • and Lie E (J) = D · J for some D ∈ C.
Definition of Intersection form Definition 4.2. ([3, p.191]) For a Frobenius manifold (M, •, e, E, J), we define an intersection form I
Conformal Frobenius structure and the intersection form
Conformal Frobenius structure
We define a notion of conformal Frobenius manifold.
We call a tuple (•, e, E, J) a conformal Frobenius structure of p : L → M if it satisfies the following conditions:
1. For C * -action, we have
J is non-degenerate, i.e. J gives the isomorphism
3.
There exists an open covering M = ∪ λ∈Λ M λ and sections ι λ :
A good section
We deine a notion of a good section. 
Intersection form Definition 4.5. We define the intersection form
where we denote J * as an inverse of J defined in (4.7).
We remark that for a good section (U, ι), ι * I * gives an intersection form for a Frobenius manifold (U, ι * •, ι * e, ι * E, ι * J).
Sufficient condition
We prepare a sufficient condition for the existence of a conformal Frobenius structure with a given intersection form. We first fix some notations. For a trivial C * -bundle p : L → M , the following data are equivalent:
We denote
be a natural morphism. The following lemma is easy.
Then for any k ∈ Z, the following isomorphisms
are inverse to each other.
where we regard f /g as a holomorphic function on M .
By a correspondence given in Lemma 4.6, we have a following sufficient condition for a existence of a conformal Frobenius manifold with an intersection form.
J) is a Frobenius manifold with an intersection form
gives a conformal Frobenius structure with an intersection form I * .
Existence of a conformal Frobenius structure
We assert the existence of a conformal Frobenius structure of p :
2 with suitable conditions. We first define a Euler operator on P(D 2 )//W 2 . For a local section f of O P(D 2 )//W 2 , we put
Then E P(D 2 )//W 2 gives a holomorphic vector field on P(D 2 ). For the oriented elliptic root system with Λ Z = ∅, the condition c 1 > c 2 is called "codimension 1" in [11] , where c 1 and c 2 are defined in Theorem 3.1. For a proof, we give it in §5.9.
Uniqueness of a conformal Frobenius structure
We assert that a conformal Frobenius structure of p :
is unique up to C * multiplication under some conditions.
which satisfies conditions of 1 and 2 of Theorem 4.8. We also assume that they have global good sections. Then there exists
For a proof, we give it in §5.11.
Good sections
We classify good sections of a conformal Frobenius structure of Theorem 4.8.
Proposition 4.10. We fix a conformal Frobenius structure of p :
Let (U, ι) be a good section of this conformal Frobenius structure. Then the exists uniquely an element
For a proof, we give it in §5.12.
The automorphism group action
We discuss a transformation of a conformal Frobenius structure by the action of Aut(R) on D 2 //W 2 .
Proposition 4.11. We fix a conformal Frobenius structure (•, e, E, J) of p :
Then there exists the group homomorphism
for any g ∈ Aut(R).
Proof. We fix g ∈ Aut(R). We see that (ϕ(g)
Then by a uniqueness of Theorem 4.9, we see that
for some c(g) ∈ C * . Since ϕ(g) * e = c(g)e and e = 0, c(g) is uniquely determined and c(g) satisfies c(gg
We put χ(g) := c(g). Then we have a result.
Proofs
Domains for a signed marking
Hereafter we fix an element a ∈ Λ Z . We take b ∈ radI F such that a, b is an oriented basis. We put
2)
The spaces D a , D Remark 5.1. We remark that F a C gives a complexification of a hyperbolic extension defined in [11] . Thus D 1 a corresponds to a spaceẼ defined in [11] .
All three squares are cartesian. This diagram is W 2 -equivariant and K C -equivariant. We also remark that the morphisms
are isomorphisms.
A tensor on the domain
We define holomorphic metrics on D 
By a proof of Proposition 2.7,
is also non-degenerate. We define their duals: 13) where
and a canonical isomorphisms:
From this, we have [12] . In the diagram (5.7), the group Aut(R) acts on p : 
Open subset of the domain and its analytic Weyl group quotient space
The group W 2 acts on
a and we have a diagram: [11] . It is proved in [11] .
A tensor on the analytic Weyl group quotient
Since j 3 :
Weyl group invariant ring
By the diagram (5.7), we regard
a and H a as P(H half )-objects and we denote the structure morphisms by π. We put
for an open set U ⊂ P(H half ). We define the O P(H half ) -graded algebras by [2] , [4] , [7] , [8] , [14] .
Algebraic Weyl group quotient spaces
We define the Weyl group quotient spaces by
These spaces are related to the spaces which we defined in the previous sections.
Proposition 5.6.
We have a canonical isomorphism:
2. We have a following natural diagram:
These squares are all cartesian.
j 4 are all open immersion and the image is open dense.
By Proposition 3.4(
Proof. A proof of 1,2 are parallel to Proposition 3.4. For a proof of 3, we should only prove it for j 4 :
By the identification in Remark 5.1, we reduce it to the corresponding result, which is shown in [11] . See also (3.12) and below of [13] . The 4th assertion is a direct consequence of 2.
Proof of Proposition 3.5
Proposition 5.7. There exists uniquely Proof. We give a proof "if" part of (1). We check the conditions of Frobenius manifold. For a property of multiplication invariance of metric : Here we used the property that a product • is function linear, commutative. We also used that a metric J is multiplication invariant. For a property of flatness for J σ , we remind the relation between the curvature tensor of J and J σ . Let R (resp. R σ ) be a curvature tensor of J (resp. J σ ). Then In order to show that B(X) = 0, we show that α(U ) = 0 and −α(X)U + ∇ X (U ) = 0. The former part is as follows. α(U ) = J(U, U ) = c 2 σ 2 J(e, e). Since J(e, e) = 0, we have α(U ) = 0. The latter part is as follows. −α(X)U + ∇ X (U ) = 
